Abstract. Let k be an algebraically closed field, let Λ be a finite dimensional k-algebra and let V be a Λ-module with stable endomorphism ring isomorphic to k. If Λ is self-injective, then V has a universal deformation ring R(Λ, V ), which is a complete local commutative Noetherian k-algebra with residue field k. Moreover, if Λ is further a Frobenius k-algebra, then R(Λ, V ) is stable under syzygies. We use these facts to determine the universal deformation rings of string Λ N -modules whose corresponding stable endomorphism ring is isomorphic to k, and which lie in a connected component of the stable Auslander-Reiten quiver of Λ N containing a module with endomorphism ring also isomorphic to k, where N ≥ 1 and Λ N is a self-injective special biserial k-algebra whose Hochschild cohomology ring is a finitely generated k-algebra (as proved by N. Snashall and R. Taillefer).
Introduction
Let k be a field of arbitrary characteristic, and denote byĈ the category of all complete local commutative Noetherian k-algebras with residue field k. Suppose that Λ is a fixed finite dimensional k-algebra and let V be a finitely generated Λ-module. We denote by End Λ (V ) (resp., by End Λ (V )) the endomorphism ring (resp., the stable endomorphism ring) of V (see e.g. [3, §IV.1]). Let R be an arbitrary object inĈ. A lift (M, φ) of V over R is a finitely generated R ⊗ k Λ-module M that is free over R together with an isomorphism of Λ-modules φ : k ⊗ R M → V . If Λ is self-injective and the stable endomorphism ring of V is isomorphic to k, then there exists a particular object R(Λ, V ) inĈ and a lift (U (Λ, V ), φ U (Λ,V ) ) of V over R(Λ, V ), which is universal with respect to all isomorphism classes of lifts of V over such k-algebras R (see [14] and §2). The ring R(Λ, V ) and the isomorphism class of the lift (U (Λ, V ), φ U (Λ,V ) ) are respectively called the universal deformation ring and the universal deformation of V . Traditionally, universal deformation rings are studied when Λ is equal to a group algebra kG, where G is a finite group and k has positive characteristic p (see e.g., [5, 6, 7, 8, 9, 10, 11] ). In particular, it was proved in [7] that if V is a finitely generated kG-module whose stable endomorphism ring is isomorphic to k, then V has a universal deformation ring R(G, V ). Observe that kG is an example of a self-injective k-algebra (see e.g., [4, Prop. 3.1.2] ). This approach has led to the solution of various open problems, e.g., the construction of representations whose universal deformation rings are not local complete intersections (see [5, 8, 9] ). On the other hand, in [12, 14, 30] , universal deformation rings for certain self-injective algebras, which are not Morita equivalent to a block of a group algebra, are also discussed. More recently, it follows from [13, Prop. 3.2.5 ] that the isomorphism class of universal deformation rings of modules whose stable endomorphism ring isomorphic to k is also an invariant under stable equivalences of Morita type (as introduced by M. Broué in [15] ) between self-injective k-algebras.
Deformation of modules over more general and other types of finite dimensional algebras have been studied by various authors in different contexts (see e.g., [2, 22, 31] and their references).
In this article, we assume that k is algebraically closed, that m is an integer with m ≥ 3, and we consider the basic k-algebra Λ N as in Figure 1 , where N ≥ 1. These algebras Λ N are all basic self-injective (so Frobenius by e.g. [28, Cor. 4.3] ), and have been studied by various authors in different contexts. For example, when m = 3 and N ≥ 2, it follows from [21, Thm. 3.4] that Λ N is a derived equivalence class representative for a certain family of dihedral algebras with three simple modules that are Morita equivalent to a block of a group algebra. If m = 3 and N = 1, then Λ 1 is an algebra of dihedral type of polynomial growth as discussed by K. Erdmann and A. Skowroński in [20, §4] . Moreover, it follows from [18, §V.2.4.1] that if the characteristic of k is equal to 2, then Λ 1 is isomorphic to the group algebra of the alternating group A 4 . This situation was also discussed in the context of universal deformation rings by F. M. Bleher and S. N. Talbott in [12, Prop. 3.1(iii) ]. In a more general setting, N. Snashall and R. Taillefer proved in [29] that the Hochschild rings of the algebras Λ N are finitely generated k-algebras. The reader is invited to look at the references in e.g. [19, 25, 29] for getting further information concerning the algebras Λ N in different settings.
Since Λ N is a self-injective special biserial algebra (as introduced in [16] ), all the non-projective indecomposable Λ N -modules can be described combinatorially by using so-called string and bands for Λ N ; the corresponding indecomposable Λ N -modules are called string and band modules. In this article, we are only interested in these string Λ N -modules.
The aim of this article is to prove the following result (for more specific results and details see Remark 3.3, Corollary 3.4, and Propositions 4.1, 4.4, 4.7 and 4.8).
Theorem 1.1. Let Λ N be the basic k-algebra as in Figure 1 , and let Γ s (Λ N ) denote the Auslander-Reiten quiver of Λ N .
(i) If N = 1, then there are at most finitely many components C of Γ s (Λ N ) containing a string Λ Nmodule of minimal string length whose endomorphism ring is isomorphic to k.
(ii.a) If m is odd, then there are at most finitely many components C of type ZA
containing a Λ N -module V whose endomorphism ring is isomorphic to k, and let W be a Λ N -module lying in C with
. (iv) Let T be a tube of Γ s (Λ N ) containing only string Λ N -modules, and let W be a Λ N -module lying in
This article is organized as follows. In §2, we recall the definitions of deformations and universal deformation rings and summarize some of their properties. In §3, we describe the radical series of the indecomposable projective modules for Λ N , and classify all Λ N -modules whose endomorphisms rings are isomorphic to k (see Proposition 3.2). In §4, we prove Theorem 1.1. For the convenience of the reader, in §A we describe some basic aspects concerning the representation theory of Λ N , including a precise description of string modules for Λ N and of the corresponding components of Γ s (Λ N ) using hooks and co-hooks (see [16] ). Moreover, we also give a description of the homomorphisms between strings modules as determined by H. Krause in [23] .
We refer the reader to e.g., [1, 3, 4, 18] for getting further information about basic concepts from the representation theory of finite dimensional algebras such as the definition and properties of the syzygy functor Ω as well as the definition of the stable Auslander-Reiten quiver of an arbitrary Artinian algebra Λ.
Preliminaries Results on Deformations and Universal Deformation Rings
Let k be a field of arbitrary characteristic and denote byĈ the category of all complete local commutative Noetherian k-algebras with residue field k. Note that the morphisms inĈ are continuous k-algebra homomorphisms that induce the identity map on k. Suppose that Λ is a finite dimensional k-algebra and V is a fixed finitely generated Λ-module. As in §1, we denote by End Λ (V ) (resp., by End Λ (V )) the endomorphism ring (resp., the stable endomorphism ring) of V . Let R be an arbitrary object inĈ. A lift (M, φ) of V over R is a finitely generated R ⊗ k Λ-module M that is free over R together with an isomorphism of Λ-modules φ :
where id k denotes the identity map on k. If (M, φ) is a lift of V over R, we denote by [M, φ] its isomorphism class and say that [M, φ] is a deformation of V over R. We denote by Def Λ (V, R) the set of all deformations of V over R. The deformation functor over V is the covariant functorF V :Ĉ → Sets defined as follows: for all objects R inĈ, defineF V (R) = Def Λ (V, R); and for all morphisms α :
Suppose there exists an object R(Λ, V ) inĈ and a deformation [U (Λ, V ), φ U (Λ,V ) ] of V over R(Λ, V ) with the following property. For each objects R inĈ and for all lifts M of V over R, there exists a morphism υ : R(Λ, V ) → R inĈ such thatF
and moreover υ is unique if R is the ring of dual numbers k
respectively called the versal deformation ring and versal deformation of V . If for each object R inĈ and for all lifts (M, φ) of V over R, the morphism υ is unique up to unique canonical isomorphism inĈ, then R(Λ, V ) and [U (Λ, V ), φ U (Λ,V ) ] are respectively called the universal deformation ring and the universal deformation of V . In other words, the universal deformation ring R(Λ, V ) represents the deformation functorF V in the sense thatF V is naturally isomorphic to the Hom functor HomĈ(R(Λ, V ), −). Using Schlessinger's criteria [26, Thm. 2.11] and using methods similar to those in [24] , it is straightforward to prove that the deformation functorF V is continuous, that every finitely generated Λ-module V has a versal deformation ring, and that this versal deformation is universal provided that the endomorphism ring End Λ (V ) is isomorphic to k (see [14, Prop. [15] ) between self-injective k-algebras. Consequently, universal deformation rings of modules whose stable endomorphism ring is isomorphic to k are also preserved by stable equivalences of Morita type. This was used in [13, §4] to classify universal deformation rings up to derived equivalence for certain family of symmetric algebras of dihedral type (as introduced by K. Erdmann in [18] ).
Remark 2.1. If Λ is self-injective and (M, φ) is a lift of V over an object R inĈ with End Λ (V ) ∼ = k, then the deformation [M, φ] does not depend on the particular choice of the Λ-module isomorphism. More precisely, If V is an arbitrary Λ N -module, then we denote the first syzygy of V by ΩV , i.e., ΩV is the kernel of a projective cover P V → V (see e.g., [3, pp. 124-126] ).
Example 2.2. Let G be a finite group and consider the group algebra kG, which is a self-injective k-algebra (see e.g., [4, Prop. 3.1.2] and [17, Prop. 9 .6]). It was proved in [7] that if V is a finitely generated kG-module whose stable endomorphism ring is isomorphic to k, then V has a universal deformation ring R(kG, V ). Moreover, the stable endomorphism ring of ΩV is also isomorphic to k and the universal deformation rings R(kG, V ) and R(kG, ΩV ) of V and ΩV , respectively, are isomorphic.
The following result generalizes the properties of universal deformation rings mentioned in Example 2.2 to arbitrary Frobenius k-algebras (see [14, Thm. 2.6]). Theorem 2.3. Let Λ be a finite dimensional self-injective k-algebra, and suppose that V is a finitely generated Λ-module whose stable endomorphism ring End Λ (V ) is isomorphic to k.
(i) The module V has a universal deformation ring R(Λ, V ).
(ii) If P is a finitely generated projective Λ-module, then
3. Classification of the string Λ N -modules with endomorphism ring isomorphic to k For the remainder of this article, let k be a fixed algebraically closed field of arbitrary characteristic and for all N ≥ 1, we let Λ N = kQ/I N be as in Figure 1 , where m ≥ 3. We identify the vertices of Q with elements of Z/m (the cyclic group of m elements). These algebras are all basic self-injective (so Frobenius), and have been studied by various authors in different contexts (see e.g. [29, 25] and their references). A brief description of the representation theory of Λ N is provided in §A. Recall that Γ s (Λ N ) denotes the stable Auslander-Reiten quiver of Λ N . For all vertex i ∈ Z/m of Q, the radical series of the projective indecomposable Λ N -module P i can be described as in Figure 2. 3.1. Λ N -modules with endomorphism ring isomorphic to k. Let i ∈ Z/m be fixed but arbitrary. Let Z i be the string representative for Λ N defined as (3.1) where
and for all 1 ≤ j ≤ m, w j or w
Note that the string length of Z i is m − 1 when m is odd, and m otherwise. If m is even, then for all n ≥ 0 we define strings representatives Z
for Λ N inductively as follows:
For all integers n ≥ 0 and for all i ∈ Z/m, we define the string W
has endomorphism ring isomorphic to k if and only if there exists i ∈ Z/m such that the string representative S is equivalent either to 1 i or to a i , or toā i , or there exists an integer n ≥ 0 such that S is equivalent to a substring of W (n) i as in (3.3).
Proof. If S is a string representative for Λ N as in the hypothesis of the "if" part of Proposition 3.2, then it follows from §A.3 that End Λ N (M [S]) = k. Assume then that S is a string representative for Λ N such that End Λ N (M [S]) = k, and let n be the string length of S. If n = 0, then for some i ∈ Z/m, S = 1 i . If n = 1, then S is string equivalent to an arrow or to the formal inverse of an arrow, which implies that there exists i ∈ Z/m such that S ∼ a i or S ∼ā i . Next assume that n ≥ 2 and let l be a maximal nonnegative integer such that for some i ∈ Z/m, (ā i a i ) l is string equivalent to a substring of S. If l > 0, then there exist suitable strings T and 
, and thus dim k End Λ N (M [S]) ≥ 2, contradicting the hypothesis. It follows then that l = 0, which implies that neitherā i a i nor its formal inverse is a substring of S for all i ∈ Z/m. Similarly we obtain that neither a iāi nor its formal inverse is a substring of S for all i ∈ Z/m. Therefore, S = w n w n−1 · · · w 1 , where for each 1 ≤ j ≤ n, w j or w −1 j is in {a k ,ā k } for a suitable k ∈ Z/m. Assume first that m is odd. If n ≥ m, then there exists at least a canonical endomorphism of M [S] as in (A.1) that factors through a simple Λ N -module, which again contradicts the hypothesis, and thus n < m. This implies that S is equivalent to a substring of Z i as in (3.1). Next assume that m is even. If n ≤ m then S is equivalent to a substring of Z i as in (3.1). Assume next that n > m and let l ≥ 0 be maximal such that S ∼ T Z (l) i for a suitable string T , where
is as in (3.2) . Assume further that T has positive string length. Since for all k ∈ Z/m, S does contain a substring equivalent neither to a kāk nor toā k a k , it follows from the maximality of l that T is equivalent to a k or toā k for some k ∈ Z/m. This implies that there exists a non-trivial canonical endomorphism of the string Λ N -module M [S] as in (A.1) that factors through a non-simple string Λ N -module M [S ] with S a string representative for Λ N , and which is equivalent to a proper substring of S. This contradicts that End Λ N (M [S]) ∼ = k, and therefore T has string length equal to zero. Hence in this situation, it follows that S is equivalent to Z (l) i for some l ≥ 0. This finishes the proof of Proposition 3.2. i ] has endomorphism ring isomorphic to k, which implies that in this situation, there are infinitely many possibilities for C.
Following Remark 3.3, we obtain the following result.
Corollary 3.4.
(i) If N = 1, then there are at most finitely many components of Γ s (Λ N ) containing a string Λ N -module of minimal string length whose endomorphism ring is isomorphic to k.
(ii) Assume that N ≥ 2.
(ii.a) If m is odd, then there are at most finitely many components of type ZA
Universal deformation rings for Λ N
In this section with consider the components C of the stable Auslander-Reiten quiver of Λ N that contain a module whose endomorphism ring is isomorphic to k as in Proposition 3.2.
Let M and N be arbitrary finitely generated Λ N -modules. Since Λ N is self-injective, it follows that for all j ≥ 1, Ext
by the subspace consisting in those morphisms from Ω j M to N that factor through a finitely generated projective Λ N -module.
For all i ∈ Z/m, we define
i−1 , and for all n ≥ 1, define the string representative
where t(C i ) = i and for all 1 ≤ j ≤ n, w j = c k for a suitable k ∈ Z/m. We also define the string representative
where s(D i ) = i and for all 1 ≤ j ≤ n, v j = d k for a suitable k ∈ Z/m. For all i ∈ Z/m, we let 
. It follows from Remark 3.1 and §A.2 that every string Λ N -module belonging to A i ∪ΩA i lies in the Ω-orbit of V n for some n ∈ Z. Using the description of the canonical morphisms in §A.3 and the shape of the indecomposable Λ N -modules as in Figure 2 it follows that for all n ∈ Z, End Λ N (V n ) ∼ = k, which implies that V n has a universal deformation ring R(Λ N , V n ). Since it is straightforward to show by using 
. By using the shape of the indecomposable Λ N -modules as in Figure 2 , we obtain
is the left co-hook of the string a i (ā i a i )
As before, it follows from Remark 2.1 and §A.2 that every string Λ N -module belonging to B i ∪ ΩB u lies in the Ω-orbit of V n for some n ∈ Z. If N = 2, then for all n ≥ 1, the Λ 2 -module V −n lies in the Ω-orbit of V kn for some integer k n ≥ 0. If N ≥ 3 and n ≥ 1, it follows from the description of the canonical morphisms in §A.3 and the shape of the indecomposable Λ N -modules as in Figure 2 that the Λ N -module V −n has a canonical endomorphism as in (A.1) factoring through the simple Λ N -module
], and which does not factor through a projective Λ N -module. Therefore in this situation we have
On the other hand, it is straightforward to show that for all N ≥ 2, End Λ N (V n ) ∼ = k for 1 ≤ n ≤ κ m − 1. Therefore if N ≥ 2 and 0 ≤ n ≤ κ m − 1, then V n has a universal deformation ring R(Λ N , V n ). On the other hand, we have that End Λ N (V n ) ∼ = k for n ≥ κ m , for in this situation V n has a non-trivial canonical endomorphism as in (A.1) that factors through either a simple Λ N -module or a string Λ N -module whose string representative has string length 1, and which does not factor through a projective Λ N -module. Assume that n = 0. Then there is a unique canonical morphism in Hom Λ N (ΩV 0 , V 0 ) that factors through M [a i ] which does not factor through a projective Λ N -module. Since dim k Hom Λ N (ΩV 0 , V 0 ) = 1, it follows that Ext
Observe that the kernel of σ l as well as the image of σ
Then there exists an isomorphism of Λ N -modules 
By considering the natural projection π N,2 :
It follows from Remark 2.
Since α is surjective, α is also surjective. We want to prove that α is an isomorphism. Suppose this is false. Then there exists a surjective k-algebra homomorphism α 0 :
then the kernel of g is isomorphic to tM 0 . Thus, M 0 /tM 0 ∼ = t N M 0 for g is a surjection. Therefore t N M 0 ∼ = V 0 , which implies that there exists a non-split short exact sequence of k 
. This finishes the proof of Claim 4.5.
Assume now that 1 ≤ n < κ m − 1. Then it is straightforward to show that Ext 
, where t acts on x ∈ M [T l ] as t·x = δ l (x) and where δ l is the non-trivial canonical endomorphism of
Note that for all l ≥ 1, we have natural projections π l,l−1 :
which implies that there exists an isomorphism of Λ
and let {b j } 1≤j≤k be a k-basis of N 0 /tN 0 . For all 1 ≤ j ≤ k, we are able to lift these elementsb j in N 0 /tN 0 to elements b j of N 0 such that {b j } 1≤j≤k is a generating set of the 
4.1.3.
Components containing a string Λ N -module whose endomorphism ring is isomorphic to k, and whose string representative have string length greater than one. For all integers l ≥ 1 and i ∈ Z/m, define inductively the string representative Θ i,l for Λ N as follows:
Proposition 4.7. Let S be a string representative for Λ N with string length greater than one, and which equivalent to a substring of W (i) If S is string equivalent to Θ j,l (as in (4.7)) for some j ∈ Z/m and l ≥ 1, then every Λ N -module V in C∪ΩC has stable endomorphism ring isomorphic to k. In this situation, the universal deformation ring R(Λ N , V ) is isomorphic to k. (ii) If S is not string equivalent to Θ j,l for all j ∈ Z/m and l ≥ 1, then there are exactly 2κ m Ω 2 -orbits of Λ N -modules V in C ∪ ΩC that have stable endomorphism ring isomorphic to k. In this situation, the universal deformation ring
Proof. First assume that S is equivalent to Θ i,l for some i ∈ Z/m and l ≥ 1. Note that every Λ N -module in
,n S] for some n ≥ 1. By using the shape of the indecomposable projective Λ N -modules as in Figure 2 together with the description of the canonical endomorphisms in §A.3, it is straightforward to show that End
Since Λ N is self-injective, it follows that Ω induces a self-equivalence of the stable module category of
, which shows that every Λ N -module in C ∪ ΩC has stable endomorphism ring isomorphic to k. Assume next that
Again by using the shapes of the indecomposable projective Λ N -modules as in Figure 2 together with the description of the canonical homomorphisms as in §A.3, it follows that
. Note that we can adjust the above arguments for the case
Since the isomorphism class of universal deformation rings is invariant under Ω by Theorem 2.3(iii), we obtain Proposition 4.7(i).
To prove Proposition 4.7(ii), assume that s(S) = i and that S is not equivalent to Θ i,l for all l ≥ 1. Let n 1 ≥ 0 maximal such that the string Θ i,n1 is string equivalent to a substring of S. Then there exists a string ζ of length 1 with s(ζ) = t(Θ i,n1 ) such that S ∼ ζΘ i,n1 . Let κ m be as in (4.3) . By using the shape of the indecomposable projective Λ N -modules as in Figure 2 together with the description of the canonical endomorphisms in §A.3, it is straightforward to show that for all 0 ≤ j < κ m , End
,j ]) has a canonical endomorphism ring, which does not factor through a projective Λ N -module. Thus there are exactly 2κ m Ω 2 -orbits in C ∪ ΩC of Λ N -modules whose stable endomorphism ring is isomorphic to k.
Let 0 ≤ j < κ m − 1 be fixed but arbitrary, and let S = D t(S),j S (resp. S = SC i,j ). As before, it is straightforward to show by using the shape of the indecomposable projective Λ N -modules as in Figure 2 together with the description of the canonical endomorphisms in §A.3 that Ext
. Let T 0 = S (resp. T 0 = S ) and for all l ≥ 1, let T l = T l−1 γ S (resp. T l = T l−1 γ S ) where γ (resp. γ ) is either an arrow or the formal inverse of an arrow joining t(S ) with s(S ) − 1 (resp. t(S ) with s(S ) − 1) mod m. By using similar arguments as in the proof of Claim 4.5, for each l ≥ 1, we get lifts
, and where δ l (resp. δ ) is the non-trivial canonical endomorphism of
. By using similar arguments to those in the proof of Claim 4.6, we obtain that R( 
, where D 1,n is as in (4.2). Note that every Λ N -module in T ∪ ΩT lies in the Ω-orbit of V n for some n ≥ 0. If 0 ≤ j ≤ κ m − 1, then by using the description of the indecomposable Λ N -modules together with that of the canonical morphisms in §A.3, it is straightforward to show that End Λ N (V j ) ∼ = k. If j ≥ κ m , then the string Λ N -module V j has an a canonical endomorphism as in (A.1) that factors through either a simple Λ N -module or a string Λ N -module corresponding to a maximal string for Λ N , and which does not factor through a projective Λ Nmodule. In this situation we have that End Λ N (V j ) ∼ = k, and therefore there are exactly κ m Ω 2 -orbits of Λ N -modules in T ∪ ΩT whose stable endomorphism ring is isomorphic to k. If 0 ≤ j < κ m − 1 we have Ext 
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Appendix A. Some Remarks about the Representation Theory of Λ N Let Λ N be as in Figure 1 . Since Λ N is a special biserial algebra in the sense of [16] , all the non-projective indecomposable Λ N -modules can be described combinatorially by using so-called string and band for Λ N . In the following, we describe these strings for Λ N and the corresponding indecomposable Λ N -modules, which are called string modules.
A.1. String modules for Λ N . For all i ∈ Z/m and for each arrow a i ,ā i of Q, we define a formal inverse by a
i , respectively, and we let s(a i ) = t(ā i ) = t(a
By a word of length n ≥ 1 we mean a sequence w 1 · · · w n , where the w j is either an arrow or a formal inverse of an arrow and where s(w j ) = t(w j+1 ) for 1 ≤ j ≤ n − 1. We define ( 1 t(C) C ∼ C. Moreover, if C = w 1 · · · w n is a string of length n ≥ 1, then C ∼ w 1 · · · w j 1 t(wj+1) w j+1 · · · w n for all 1 ≤ j ≤ n − 1. If C = w n · · · w 1 is a string of length n ≥ 1, then there exists an indecomposable Λ Nmodule M [C], called the string module corresponding to the string representative C, which can be described as follows. There is an ordered k-basis {z 0 , z 1 , . . . , z n } of M [C] such that the action of Λ N on M [C] is given by the following representation ϕ C : Λ N → Mat(n + 1, k). Let v(j) = t(w j+1 ) for 0 ≤ j ≤ n − 1 and v(n) = s(w n ). Then for each vertex i ∈ Z/m, for each arrow γ ∈ {a i ,ā i : i ∈ Z/m} in Q, and for all 0 ≤ j ≤ n define
We call ϕ C the canonical representation and {z 0 , z 1 , . . . , z n } a canonical k-basis for A.2. The stable Auslander-Reiten quiver of Λ N . Recall that in this article we denote by Γ s (Λ N ) the stable Auslander-Reiten quiver of Λ N (see [3, VII] ). In the following, we describe the irreducible morphisms between string Λ N -modules.
Assume C = w 1 w 2 · · · w n with n ≥ 1 is a string. We say that C is directed if all w j are arrows and we say that C is a maximal directed string if C is directed and if for every arrow γ in Q, γC ∈ J. Let M be the set of all maximal directed strings, i.e.,
N −1ā i−1 : i ∈ Z/m}. Let C be a string for Λ N . We say that C starts on a peak (resp., starts in a deep) provided that there is no arrow ϕ in Q such that Cϕ (resp., Cϕ −1 ) is a string; we also say that C ends on a peak (resp., ends in a deep) provided that there is no arrow γ in Q such that γ −1 C (resp., γC) is a string. If C is a string not starting on a peak (resp., not starting in a deep), say Cϕ (resp., Cϕ −1 ) is a string for some arrow ϕ, then there is a unique directed string D ∈ M such that C h = CϕD −1 (resp., C c = Cϕ −1 D) is a string. We say C h (resp., C c ) is obtained from C by adding a hook (resp., a co-hook) on the right side. Dually, if C is a string not ending on a peak (resp., not ending in a deep), say γ −1 C (resp., γC) is a string for some arrow γ in Q, then there is a unique directed string E ∈ M such that h C = Eγ −1 C (resp., c C = E −1 γD) is a string. We say h C (resp., c C) is obtained from C by adding a hook (resp., a co-hook) on the left side. By [16] , all irreducible morphisms between string modules are either canonical injections
Let S be a substring of C. We say that S starts on a peak (resp., starts in a deep) in C provided that there is no arrow ϕ in Q such that Sϕ (resp., Sϕ −1 ) is a substring of C; we also say that S ends on a peak (resp., ends in a deep) in C provided that there is no arrow γ in Q such that γ −1 S (resp., γS) is a substring in C.
Suppose . Suppose that C is a substring of both S and T such that the following conditions (i) and (ii) are satisfied. and which sends each element of {x u } 0≤u≤l1−1 either to zero or to an element of {y v } 0≤v≤l2−1 , according to the relative position of C in S and T , respectively. Suppose e.g. that S = w 1 · · · w l1 , T =w 1 · · ·w l2 and C = w j+1 w j+2 · · · w j+l3 =w −1 k+l3w
k+1 , then σ C (x j+t ) = y k+l3−t for 0 ≤ t ≤ l 3 , and σ C (x u ) = 0 for all other u.
We call σ C a canonical homomorphism from M [S] to M [T ]. Note that there may be several choices for S , S (resp. T , T ) in (i) (resp. (ii)). In other words, there may be several k-linearly independent canonical homomorphisms factoring through M [C]. By [23] 
